The internal structure of spherical colloidal monolayers of charged particles is studied here, both by means of Monte Carlo computer simulations and of an integral equation approach based on the application of the Ornstein-Zernike equation for spherical surfaces. The latter is complemented with a relatively fast and accurate numerical method for its solution, obtained by expanding the corresponding correlation functions in series of Legendre polynomials. It is found that the density correlations among the particles within the monolayer have some special features that differentiate them from the corresponding bulk corrections in open spaces. In particular, for a sufficiently small radius of the spherical monolayer, the distribution of particles around a particle fixed at one of the poles exhibits a peak at the opposite pole which is noticeably larger than the peaks immediately before it. It is also shown here that the introduction of a simple functional form with one adjustable parameter for the bridge function greatly enhances the fit between the theoretical approach and the simulation data.
I. INTRODUCTION
The structure of charged colloidal suspensions in the vicinity of charged and uncharged interfaces has been the focus of a great deal of attention in the last few years, and various theoretical approaches have been developed to describe the spatial distribution of the macroparticles induced by the presence of an external field. These approaches have made ample use of the standard techniques of the theory of simple liquids: integral equation methods, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] density functional theory ͑DFT͒, [15] [16] [17] [18] [19] [20] [21] and computer simulations. 5, 6, 8, [10] [11] [12] [22] [23] [24] [25] [26] [27] [28] Besides being applied to the description of the local concentration of a charged colloidal suspension in the vicinity of a flat infinite wall, these techniques have also been successfully employed in the study of the spatial arrangement of colloidal particles confined within closed geometries like planar slits, cylindrical pores, wedgelike regions, square ducts, etc. The distribution of a colloidal suspension near a flat, charged or neutral, wall can be considered as the limiting case of the distribution of colloids in the proximity of a very large, charged or neutral, spherical particle. In that instance, this problem becomes closely related to the one involving the correlations within a spatially uniform binary colloidal mixture. [29] [30] [31] [32] [33] If one of the species is extremely diluted, and its particles are much more larger than the particles of the other species, then the determination of the distribution of the smaller particles around one of the large particles becomes akin to the determination of the concentration profile of a suspension subject to an external spherical field with a hard core.
An important feature of the distribution of highly charged colloidal particles in the vicinity of a neutral flat wall that has been observed in some of those theoretical studies is the formation of a monolayer of these particles tightly adsorbed to the interface which is induced by the strong repulsions in the bulk suspension. This monolayer is defined by a very large contact value of the concentration pofile, followed by a sharp decline and a region in which the local density is much more smaller than the bulk density. After this depleted region the concentration profile exhibits a more conventional slowly decaying oscillatory behavior, until it reaches the asymptotic bulk value. One can safely assert that the computer simulation data and the different theoretical schemes have provided a good account of the general characteristics of these concentration profiles. The monolayer is clearly separated from the rest of the suspension, and ͑under the conditions studied in those previous works͒ very narrow in comparison with the relevant scale lengths in the system, but the particles within it can move around rather freely, constrained only by the interactions among them. Such a monolayer is a very good model of a two- dimensional planar liquid, and the correlations within it should be appropriately described by the statistical mechanics of two-dimensional planar systems. 34 -36 The main objective of the present work is the study of the correlations within the spherical monolayer that arises when a colloidal suspension of highly charged particles surrounds an spherical neutral, or perhaps weakly charged, particle. This monolayer develops when, in addition to the strong and weakly screened repulsions among the colloids, the size of the uncharged particle is sufficiently larger than the mean distance between the colloidal particles in the bulk. The detailed analysis of such conditions is the subject matter of another paper. 37 Besides its intrinsic interest, the formation of monolayers of highly charged colloidal particles around weakly charged colloidal particles has been recently identified as a possible mechanism of colloidal stabilization, [37] [38] [39] since the dressed particles turn out to behave like highly charged complexes, which seems to preclude aggregation among them.
The highly charged particles within the monolayer are tightly bound to the surface of the weakly charged larger particle, due to the strong repulsion of the bulk particles, but free to move over it. Thus, each dressed particle actually constitutes a peculiar kind of two-dimensional liquid system, one which is of finite size, both in spatial extension and in number of particles, but without boundaries. The description of this kind of systems represents an interesting open question in modern statistical physics. The following section provides a description of the model system considered here, as well as a brief account of the general conditions of the Monte Carlo approach implemented to simulate it. In Sec. III we present the general theory for the two-body correlations within a two-dimensional spherical system of particles, based on the standard theory of simple liquids, and the numerical procedure to be used for their determination. In Sec. IV are presented the results obtained from this study. The final section contains some concluding remarks.
II. MODEL SYSTEM
The physical system that we have in mind here is an aqueous suspension of polyions ͑globular proteins, colloidad particles, etc.͒ at finite concentration, in the presence of their counterions and added salt ions. To this reference system we now add a trace of another species of larger, weakly charged or neutral, spherical particles. Let us denote by Q i , i , and n i , the charge, diameter, and bulk number density, respectively, of species i; and label the polyions as species 1, and the large particles as species 0. If the sizes of the counterions and salt ions are neglected, then the effective pair interaction potential between two particles of species 0 and/or 1 separated by a distance r is given by [40] [41] [42] ␤u i j ͑ r ͒ϭϩϱ for rϽ i j ϭ͑ i ϩ j ͒/2
where ␤ϵ1/k B T, k B is Boltzmann's constant, T is the temperature, the coupling constant is of the form K i j ϭA i A j ͱ i j / i j , and the presence of the small ions ͑coun-terions and salt ions͒ is taken into account through the screening Debye-Hückel parameter 2 ϭ 4
where ⑀ is the dielectric constant of the solvent. By taking k B T as the unit energy and 1 as the unit length, the only relevant dimensionless parameters of the system are 0 / 1 , the inverse screening length 1 , the coupling parameters A 0 and A 1 ͑essentially renormalized charges proportional to Q 0 and Q 1 , respectively͒, and the scaled densities n 0 1 3 and n 1 1 3 . For concreteness, let us think of a typical colloidal dispersion of latex particles of diameter 1 ϳ10 2 nm in water, at a volume fraction 1 ϳ10 Ϫ3 , with monovalent counterions, and with virtually no added salt. We then add a trace (n 0 Ϸ0) of weakly charged, or rather neutral (A 0 Ϸ0), and much larger particles ( 0 ϳ1 -10 m). This roughly corresponds to the values 43 1 Ϸ0.15, K 11 Ϸ500, and n 1 1 3 Ϸ3ϫ10 Ϫ3 , which we shall keep fixed throughout this paper. The only parameter that we vary here is 0 .
The computer simulations on this model system were performed in a cubic simulation box, with standard periodic boundary conditions, using Monte Carlo ͑MC͒ in the NVT ensemble. 44 The number of particles used in these simulations is Nϭ17 3 ϭ4913; the length L of the simulation cell was adjusted to give the prescribed density of the system using the relation L 3 ϭN/n 1 . For n 1 1 3 ϭ0.003, this yields LϷ117.8 1 . This cell is large enough for the polyions to get their bulk structure on its border, and therefore, the substrate particles in the center of one cell does not feel the other particles of the same species in the other cells. At the beginning of the simulation, the neutral hard-sphere macroparticle is placed at the center of the simulation box, remaining fixed in this position throughout the entire simulation. The polyions are then placed randomly in the simulation box in a nonoverlapping configuration with the hard-sphere. Several initial configurations were tried to check on the independence of the data with the initial preparation of the systems. We found the same average results for the different initial conditions. Once the N particles were placed in the simulation cell, the polyions were allowed to move according to the MC algorithm with the prescribed interactions, until equilibrium was reached. Further configurations were generated to calculate the properties of interest. For the equilibration part we generated about 2.5ϫ10 7 MC steps, whereas about 1.22 ϫ10 8 MC steps were employed for the statistical calculations.
The open circles in Fig. 1 correspond to the neutral particle-polyion radial distribution function g 01 (r) obtained from the MC simulation for 0 ϭ30 1 . The perfectly defined peak at hard sphere contact indicates indeed the presence of a monolayer of tightly bound polyions on the surface of the substrate particle. These adsorbed polyions are clearly separated from the rest, which are described by the successive maxima and minima of g 01 (r) at larger distances. The gap with g 01 (r)Ϸ0 indicates a huge potential barrier in terms of the potential of mean force ␤w 01 (r)ϭϪln g 01 (r).
This prevents the adsorbed polyions from leaving the monolayer, and the rest from joining it. The number N a of adsorbed polyions can be obtained either directly from the simulation or by integrating n 1 g 01 (r) over the contact peak. For the system of Fig. 1 we get N a (MC) Ϸ80.6. Also in Fig. 1 is given the theoretical prediction for g 01 (r) provided by the standard hypernetted-chain ͑HNC͒ approximation for uniform systems ͑solid line͒. 37 These results confirm the presence of the monolayer, and are in general, but not in complete, agreement with the MC data. The number of polyions adsorbed to the substrate particle is, according to the HNC scheme, N a (HNC) Ϸ82.5.
III. CORRELATIONS WITHIN A SPHERICAL MONOLAYER
From this point onward the discussion is centered on the correlations among the particles of species 1 confined within the spherical monolayer, and for simplicity the subindices in all the correlation functions are omitted. Since the width of the condensed monolayer is quite small in comparison with the other relevant length scales of the system, it can be neglected in a first approximation. Thus, the correlations among the particles confined within the monolayer can be calculated by using the following theoretical approach. Let us start with the inhomogeneous monocomponent OrnsteinZernike ͑OZ͒ equation where n(r i ) is the local number concentration of particles at r i , and H(r i ,r j ) and C(r i ,r j ) are, respectively, the total and direct inhomogeneous correlation functions between one particle located at r i and another particle located at r j . If we assume that the particles are confined to a spherical twodimensional space of radius a, then n(r i ) takes the form n(r i )ϭR(⍀ i )␦(r i Ϫa)/a 2 , where ⍀ i ϭsin i cos i x ϩsin i sin i ŷϩcos i ẑ is the unit vector in the radial direction, and (r i , i , i ) are the spherical coordinates of the position vector r i ϭr i ⍀ i . In that case, the dependence on the coordinates r i can be omitted from the functions appearing in Eq. ͑3͒, which leads to
where
Furthermore, if the distribution over the spherical surface is also uniform, i.e., it has the form R(⍀ i )ϭN a /4, where N a is the number of particles confined within the spherical surface, then, due to the rotational invariance of the system, the correlation functions should take the form H(⍀ 1 ,⍀ 2 )ϭh(⍀ 1 "⍀ 2 ) and C(⍀ 1 ,⍀ 2 ) ϭc(⍀ 1 "⍀ 2 ), and Eq. ͑4͒ further simplifies to
where ⍀ i "⍀ j ϭcos(␥ ij ), and ␥ i j is the angle between ⍀ i and ⍀ j . Likewise, starting from the corresponding inhomogeneous expression we can get the complementary general closure relationship
where b(⍀ 1 "⍀ 2 ) is the corresponding bridge function. There is no known general analytical expression for this function, and usually some approximations must be done at this level. One of the best known approximations is the hypernettedchain ͑HNC͒ closure that simply neglects this term, i.e., takes b(⍀ 1 "⍀ 2 )ϭ0, and usually gives reasonable good results for repulsive long ranged pair potentials. In the present work, however, we also show that an approximate functional expression for this bridge function can enhance the accuracy of the theoretical approach. For simplicity, we assume here that the functional form of the bridge function is the same than the form of the pair potential of Eq. ͑1͒, i.e.,
where M is an adjustable parameter, and the spatial distance r between two particles confined within the spherical region of radius a is related to the angle ␥ between their corresponding unit vectors by the expression rϭ2a sin(␥/2). Due to the mathematical structure of these equations, it becomes necessary at this point to implement a numerical algorithm for their solution. First, we transform the integral equation ͑5͒ into an equivalent algebraic equation by expanding the involved functions in series of Legendre polynomials where f stands for h or c, P ᐉ (x) is the Legendre polynomial of order ᐉ, and the coefficients of the expansion are given by
Due to the orthogonality condition
where ␦ mn is the Kronecker delta, Eq. ͑5͒ now takes the form
for mу0. This discrete equation maintains the orthogonality of the basis functions, and therefore the reciprocal relation between a function and the coefficients of its expansion is sustained through the numerical calculation. 47 At this point it is useful to introduce the function ␥(x) ϵh(x)Ϫc(x), with the corresponding Legendre coefficients ␥ m ϭh m Ϫc m . Using this definition one can rewrite Eq. ͑6͒ as an expression that gives c(x) in terms of ␥(x), and Eq. ͑11͒ as a relationship that generates each ␥ m from each c m . This provides us with the core cycle upon which the Ng algorithm can be implemented. 48 The results shown in the following section have been obtained using a five parameter version of that method, and after truncating the Legendre series up to the ᐉϭ121 term, although we also proved that the expansion up to ᐉϷ80 already gives rather accurate results. For the continuous functions, on the other hand, a uniform grid of 4ϫ10 4 points was shown to provide more than enough accuracy. In our case the radius of the spherical twodimensional space is given by aϭ 01 ϭ( 0 ϩ 1 )/2. Figure 2 shows the results for the angular distribution function g()ϭ1ϩh(cos()) obtained from the MC computer simulation for the cases of 0 ϭ20 1 ͑solid line͒, 0 ϭ30 1 ͑dash-dotted line͒, and 0 ϭ40 1 ͑dotted line͒, the remaining parameters are as in Fig. 1 . These data have been determined using the fact that N a g()sin()d/2 is the number of polyions within the convex ring located between and ϩd, provided that there is a central polyion located at the pole position ϭ0°. The correlation hole in front of the polar particle at ϭ0°is a typical feature of the radial distribution function of repulsive particles, as well as the following sharp peak of first neighbors. The structure at larger distances differs, however, from the structure observed in extended systems. For the first two cases, the angular distribution function does not move towards the unit asymptotic limit, but instead, it shows a peak in the vicinity of the opposite pole located at ϭ180°. Due to the finite size of the system, the particle fixed in the first pole induces a large increment of the local density in the opposite polar region. In the case of 0 ϭ40 1 the two-dimensional system is so large that particles at opposite poles practically do not correlate.
IV. RESULTS
The comparison between the computer simulation data ͑black circles͒ and the theoretical results ͑with N a ϭ80.6), obtained with M ϭ0 ͑HNC, dashed line͒ and M ϭ514 ͑solid line͒, is illustrated in Fig. 3 for the case of 0 ϭ30 1 . It is clear here that the HNC approach gives only a relatively good description of the positions of the maxima and minima observed in the MC data, but underestimates the amplitude of these oscillations. The introduction of the bridge function, with its coupling parameter adjusted to fit the MC data at ϭ180°, enhances noticeably the accuracy of the OZ results. Although the height of some peaks is overestimated, and the depth of the valleys is still slightly underestimated, these discrepancies are smaller than in the pure HNC case. Furthermore, the most noticeable feature of the MC data, the large peak at ϭ180°coming after the smaller peaks to the left, is faithfully reproduced by the theoretical scheme described in the previous section with M ϭ514. It is important to remark here that this peak at ϭ180°is not somehow explicitly built into the bridge function of Eq. ͑7͒, i.e., this function itself does not raise at ϭ180°. On the contrary, the bridge function used here decays at the same rate of the pair potential, and therefore, both reach their minimal amplitude, within the allowed domain, at ϭ180°. Indeed, the HNC alone also captures this behavior, which is better illustrated   FIG. 2 . Monte Carlo data for g() for the cases 0 / 1 ϭ20 ͑solid line͒, 0 / 1 ϭ30 ͑dash-dotted line͒, and 0 / 1 ϭ40 ͑dotted line͒. The remaining parameters are as in Fig. 1.   FIG. 3 . Comparison between the theoretical results and the MC data for g() for 0 / 1 ϭ30 and the remaining parameters as in Fig. 1 . The results from HNC are illustrated by the dashed line, and those obtained with the value of M that yields the best fit to the last peak of the simulation g() are given by the solid line. The number of particles used as input for the OZ calculations has been taken directly from the MC data, i.e., N a ϭ80.6.
in Fig. 4 , but underestimates it. The addition of these two terms can be seen as equivalent to an effective Yukawa pair potential, much more repulsive than the real pair potential (K eff ϭKϩM), to be used within the HNC closure. This procedure of increasing the amplitude of the repulsive potential in the HNC closure has also been successfully applied to the reconstruction of experimental and simulation results for three-dimensional systems by means of integral equations theory. 43, 49 The angular distribution illustrates the fact that given one particle located at ϭ0°the remaining particles on the sphere are located preferentially at concentric ring centered around that pole. The number of rings depends on the average distance between two neighboring particles and the total surface 4 01 2 of the substrate sphere. This can also be appreciated in Figs. 4 and 5, which illustrate the cases of 0 ϭ20 1 and 0 ϭ40 1 , respectively. As in the previous figure, these last two also show the OZ results obtained with the HNC closure ͑dashed lines͒, and those obtained with the coupling parameter M adjusted to enhance the accuracy of the theoretical approach ͑solid lines͒. The numbers of particles used as input for the OZ calculations were again taken directly from the MC data: N a ϭ32 in Fig. 4 , and N a ϭ151 in Fig. 5 . For the smallest substrate sphere there is also a high probability of finding another particle at the opposite pole, whereas for the largest substrate sphere the last peak is lost in the MC data noise, and barely perceptible in the OZ results; this last case already very close to the flat twodimensional limit.
Finally, Fig. 6 compares the theoretical predictions that best fit the MC data for g(), already shown in Figs. 3-5, but plotted here instead as functions of the three-dimensional separation distance rϭ2a sin(␥/2). As it can be observed here, the positions of the first three peaks are quite similar, which seems to indicate that at short range the determinant factor is the reach of the pair potential. It is also clear from this figure, however, that the last few peaks in each radial distribution function have been compressed by the peculiar geometry of the system. The size of the first repulsion hole ͑from rϭ0 up to rϷ5 1 ) is almost the same as the one of the corresponding hole observed in the bulk distribution functions, but the remaining features differ more markedly.
V. CONCLUDING REMARKS
The theoretical approach presented here for the determination of the two-body correlations among charged particles confined within an spherical monolayer provides a very good account of the main features observed in MC simulation data. These results illustrate the role played by the geometry of the system. Whereas the correlation functions among particles confined within an infinite flat surface show a more conventionally decaying oscillatory behavior, 36 those studied here exhibit a noticeable jump in the amplitude of the last oscillation when the radius of the monolayer is small enough. This is characteristic of the finite but boundless nature of this geometry, which induces a larger correlation between particles at opposite poles.
The theoretical description of the correlations within a spherical monolayer is based on the projection of the threedimensional inhomogeneous OZ equation to a twodimensional spherical surface, plus the assumption that the particle distribution on that surface is uniform. The resulting integral relation was transformed into an algebraic one by means of expanding the functions involved in series of Legendre polynomials. The numerical solution of this transformed OZ equation, complemented with the appropriate closure, is attained by an Ng-like algorithm. The results ob- FIG. 4 . The same as in Fig. 3 , but now for 0 / 1 ϭ20, N a ϭ32, and fitting the last peak of the simulation g().
FIG. 5. The same as in Fig. 3, but now for 0 / 1 ϭ40, N a ϭ151 , and fitting the second peak of the simulation g(). tained from this approach indicate that for this kind of finite two-dimensional systems the bridge functions cannot be neglected. For simplicity we use a bridge function with the same form of the Yukawa pair potential of our model, and considered its amplitude as an adjustable parameter. This corresponds to the well known procedure of adjusting the amplitude of the repulsive potential in order to reproduce experimental and simulation results by means of integral equations theory.
It should also be remarked that the pair interactions within the two-dimensional system are assumed to be Yukawa-type, i.e., that they are modeled with the screened Coulomb potential commonly used in colloidal bulk systems. [40] [41] [42] This assumption might be questionable since the counterions and salt ions, which are not explicitly considered, are excluded from the volume of the large substrate particle. Therefore, the ionic clouds surrounding each polyion are no longer spherical, which may give rise to different effective interactions. Nevertheless, it is to be expected that the Yukawa potential captures the main qualitative features of the long ranged repulsive interactions among the charged particles confined to the monolayer, and therefore, the qualitative structural features should also be reproduced by our model. Similar conclusions have been often pointed out in the case of flat two-dimensional and three-dimensional systems.
The spherical monolayers of highly charged particles considered here arise from the condensation of these particles on the surface of larger neutral spherical particles, the substrate particles. When two of these substrate particles come into close proximity of each other, the interactions between the monolayers surrounding each one of them play a central role in determining the shape of their effective pair potential. 37 Since the stability of the mixed system is clearly determined by this effective interaction, the theoretical description of the internal structure of the monolayers should provide useful information for the understanding of the stability conditions. Further studies about the way in which the interaction between these monolayers modify their internal structure are in progress, and should also be useful in this matter.
